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Abstract: In this paper, we introduce a new family of generalized colored Motzkin paths, 
where horizontal steps are colored by means of F;,,; colors, where Fy; is the [-th k-Fibonacci 
number. We study the enumeration of this family according to the length. For this, we use 


infinite weighted automata. 
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§1. Introduction 


A lattice path of length n is a sequence of points P;, P2,..., Pp, with n > 1 such that each point 
P;, belongs to the plane integer lattice and each two consecutive points P; and Pj; connect 
by a line segment. We will consider lattice paths in Z x Z using three step types: a rise step 
U = (1,1), a fall step D = (1,-1) and a Fy.—colored length horizontal step H; = (1,0) for 
every positive integer 1, such that H; is colored by means of F;, colors, where Fy, is the /-th 
k-Fibonacci number. 

Many kinds of generalizations of the Fibonacci numbers have been presented in the litera- 
ture [10,11] and the corresponding references. Such as those of k-Fibonacci numbers Fn and 
the k-Smarandache-Fibonacci numbers Sy. For any positive integer number k, the k-Fibonacci 
sequence, say {Fkn}nen, is defined recurrently by 


Feo =0, Fer =1, Fanti = kFan + Fen-1, for n 2 1. 

x 
———_.., [4,6]. Thi 
In hke oa? 6] is 


sequence was studied by Horadam in [9]. Recently, Falcén and Plaza [6] found the k-Fibonacci 


The generating function of the k-Fibonacci numbers is f;(x) = 


numbers by studying the recursive application of two geometrical transformations used in the 
four-triangle longest-edge (4TLE) partition. The interested reader is also referred to [1, 3, 4, 5, 
6, 12, 13, 16] for further information about this. 


1Received November 14, 2013, Accepted May 20, 2014. 


Enumeration of k-Fibonacci Paths Using Infinite Weighted Automata 21 


A generalized Fj, ,-colored Motzkin path or simply k-Fibonacci path is a sequence of rise, 
fall and F),;—colored length horizontal steps (J = 1,2,---) running from (0,0) to (n,0) that 
never pass below the z-axis. We denote by M,p,,,, the set of all k-Fibonacci paths of length n 
and Mz = U9 Mx,.,,- In Figure 1 we show the set Mp, . 


ANGE ERAN RGSS a870N 


Figure 1 k-Fibonacci Paths of length 3, |Mp,,| = 18 


A grand k-Fibonacci path is a k-Fibonacci path without the condition that never going 
below the z-axis. We denote by M*r,. the set of all grand k-Fibonacci paths of length n and 
i= ears Fesn’ A prefix k-Fibonacci path is a k-Fibonacci path without the condition that 
ending on the z-axis. We denote by PM,r, ,, the set of all prefix k-Fibonacci paths of length 
n and PM, = Unio PMr,.,,. Analogously, we have the family of prefix grand k-Fibonacci 
paths. We denote by PM», the set of all prefix grand k-Fibonacci paths of length n and 
PM; = Uno PMp,,,: 

In this paper, we study the generating function for the k-Fibonacci paths, grand k- 
Fibonacci paths, prefix k-Fibonacci paths, and prefix grand k-Fibonacci paths, according to the 
length. We use Counting Automata Methodology (CAM) [2], which is a variation of the method- 
ology developed by Rutten [14] called Coinductive Counting. Counting Automata Methodology 
uses infinite weighted automata, weighted graphs and continued fractions. The main idea of 
this methodology is find a counting automaton such that there exist a bijection between all 
words recognized by an automaton M and the family of combinatorial objects. From the 
counting automaton M is possible find the ordinary generating function (GF) of the family of 
combinatorial objects [4]. 


§2. Counting Automata Methodology 


The terminology and notation are mainly those of Sakarovitch [13]. An automaton M is a 
5-tuple M = (,Q,q0, F, E), where © is a nonempty input alphabet, Q is a nonempty set of 
states of M, qo € Q is the initial state of M, 0 #4 F C Q is the set of final states of M and 
ECQx Xx Q is the set of transitions of M. The language recognized by an automaton M 
is denoted by L(M). If Q, © and EF are finite sets, we say that M is a finite automaton [15]. 


Example 2.1 Consider the finite automaton M = (%,Q,q,F,E) where © = {a,b}, Q = 
{40; a}, P= {qo} and EF = {(q0; a, M1); (q0, b, qo), (n, a, qo) }- The transition diagram of M is 
as shown in Figure 2. It is easy to verify that L(M) = (bU aa)*. 
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Figure 2 Transition diagram of M, Example 1 


Example 2.2 Consider the infinite automaton Mp = (%,Q,q,F,FE), where © = {a,b}, 
Q = {90,H,°°:}, F = {qo} and F = {(qi, 4, Gi+1), (G41, 6, Gi) 7 € N}. The transition diagram 
of Mp is as shown in Figure 3. 


b b b 


Figure 3 Transition diagram of Mp 


The language accepted by Mp is 
L(Mp) = {w € &* : |wla = |w|p and for all prefix v of w,|vly < |vla}. 


An ordinary generating function F = )>~ 9 fnz” corresponds to a formal language L if 
fn = {we L: |w| = n}|, ie., if the n-th coefficient f, gives the number of words in L with 
length n. 


Given an alphabet © and a semiring K. A formal power series or formal series S is a 
function S : &* — K. The image of a word w under S is called the coefficient of w in S' and 
is denoted by s,,. The series S is written as a formal sum S = Semeas Syw. The set of formal 
power series over © with coefficients in K is denoted by K ((5*)). 


An automaton over &* with weights in K, or K-automaton over &* is a graph labelled with 
elements of K ((*)), associated with two maps from the set of vertices to K ((X*)). Specifically, 
a weighted automaton M over &* with weights in K is a 4-tuple M = (Q,J, E, F) where Q is 
a nonempty set of states of M, E is an element of K ((D*))@*®@ called transition matrix. I is 
an element of K ((*))®, i.e., J is a function from Q to K ((d*)). I is the initial function of M 
and can also be seen as a row vector of dimension Q, called initial vector of M and F is an 
element of K ((*))°. F is the final function of M and can also be seen as a column vector of 
dimension Q, called final vector of M. 


We say that M is a counting automaton if K = Z and &* = {z}*. With each automaton, we 
can associate a counting automaton. It can be obtained from a given automaton replacing every 
transition labelled with a symbol a, a € &, by a transition labelled with z. This transition is 


called a counting transition and the graph is called a counting automaton of M. Each transition 
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from p to q yields an equation 
L(p)(z) = 2L(q)(z) + pe F]+---. 


We use L, to denote L(p)(z). We also use Iverson’s notation, [P] = 1 if the proposition P is 
true and [P] = 0 if P is false. 


2.1 Convergent Automata and Convergent Theorems 


We denote by L‘(M) the number of words of length n recognized by the automaton M, 
including repetitions. 


Definition 2.3 We say that an automaton M is convergent if for all integer n > 0, L'‘™(M) 
is finite. 


The proof of following theorems and propositions can be found in [2]. 


Theorem 2.4(First Convergence Theorem) Let M be an automaton such that each verter 


(state) of the counting automaton of M has finite degree. Then M is convergent. 


Example 2.5 The counting automaton of the automaton Mp in Example 2 is convergent. 


The following definition plays an important role in the development of applications because 
it allows to simplify counting automata whose transitions are formal series. 


Definition 2.6 Let M be an automaton, and let f(z) = 7, fn2" be a formal power series 
with fr € N for alln > 0 and fo = 0. In a counting automaton of M the set of counting 
transitions from state p to state q, without intermediate final states, see Figure 4 (left), is 


represented by a graph with a single edge labeled by f(z), see Figure 4(right). 


fi times 


fo times 


Pp 


f3 times 


fn times 


n—1 states, n transitions 


Figure 4 Transitions from the state p to q and its transition in parallel 
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This kind of transition is called a transition in parallel. The states p and q are called visible 
states and the intermediate states are called hidden states. 


Example 2.7 In Figure 5 (left) we display a counting automaton M, without transitions in 
parallel, i.e., every transition is label by z. The transitions from state q; to gz correspond to 


1-vV1-4 
as + 27422345244 142°+---. However, this automaton can also be 
represented using transitions in parallel. Figure 5 (right) displays two examples. 


the series 


Figure 5 Counting automata with transitions in parallel 


Theorem 2.8(Second Convergence Theorem) Let M_ be an automaton, and let 
filz), fa(z),-++, be transitions in parallel from state q € Q in a counting automaton of M. 
Then M is convergent if the series 


is a convergent series for each visible state q € Q of the counting automaton. 


Proposition 2.9 If f(z) is a polynomial transition in parallel from state p to q in a finite 
counting automaton M, then this gives rise to an equation in the system of GFs equations of 
M 

Ly = f(z)Lg+ [pe F]+-::. 


Proposition 2.10 Let M be a convergent automaton such that a counting automaton of M 
has a finite number of visible states qo,q1,°-* ,Qr, in which the number of transitions in parallel 
starting from each state is finite. Let f#'(z), fe’ (z),--- Fy (2) be the transitions in parallel 
from the state q € Q. Then the GF for the language L(M) is Lq,(z). It is obtained by solving 
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the system of r+1 GFs equations 


L(ay(z) = fi (@) Len (2) + Fe (2) Ld (2) + + Ay OL Gow) + Ie € FI, 


withO<t<r, where @, is the visible state joined with q through the transition in parallel pe 
and L(q,) is the GF for the language accepted by M if qt, ts the initial state. 


Example 2.11 The system of GFs equations associated with M2, see Example 2.7, is 


Lo = (2z + eb + 1 
1-vV1-4 
lk =—““1, 
2 
Lg = 2zLo. 


Solving the system for Lo, we find the GF for the language Mz. and therefore of M, and M3 


1 
Lo = ——— = 14-422 + 624 + 102° + 402% +: 11427 +e, 
0 1 (2? 4 23) — J1— 42) fee preg ae As : 


2.2 An Example of the Counting Automata Methodology (CAM) 


A counting automaton associated with an automaton M can be used to model combinatorial 
objects if there is a bijection between all words recognized by the automaton M and the com- 
binatorial objects. Such method, along with the previous theorems and propositions constitute 
the Counting Automata Methodology (CAM), see [2]. 

We distinguish three phases in the CAM: 


(1) Given a problem of enumerative combinatorics, we have to find a convergent automaton 
M (see Theorems 2.4 and 2.8), whose GF is the solution of the problem. 

(2) Find a general formula for the GF of M’, where M’ is an automaton obtained from M 
truncating a set of states or edges see Propositions 2.9 and 2.10. Sometimes we find a relation 
of iterative type, such as a continued fraction. 

(3) Find the GF f(z) to which converge the GFs associated to each M’, which is guaranteed 


by the convergences theorems. 


Example 2.12 A Motzkin path of length n is a lattice path of Z x Z running from (0,0) to 
(n,0) that never passes below the z-axis and whose permitted steps are the up diagonal step 
U = (1,1), the down diagonal step D = (1,—1) and the horizontal step H = (1,0). The number 
of Motzkin paths of length n is the n-th Motzkin number mn, sequence A001006!. The number 
of words of length n recognized by the convergent automaton Mot, see Figure 6, is the nth 
Motzkin number and its GF is 


oS £ {agew/1=27— 327 
MO= > mete eee 


c 222 
1=0 


lMany integer sequences and their properties are found electronically on the On-Line Encyclopedia of Se- 
quences [17]. 
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Figure 6 Convergent automaton associated with Motzkin paths 


In this case the edge from state q; to state q;41 represents a rise, the edge from the state 
di+1 to q represents a fall and the loops represent the level steps, see Table 1. 


(G2, 941) CBS a (G4+1,2,%) € ES BN (Gi,2,%) € ES 


Table 1 Bijection between Mor and Motzkin paths 


Moreover, it is clear that a word is recognized by Mot if and only if the number of steps 
to the right and to the left coincide, which ensures that the path is well formed. Then 


Mn = \{w € L(Mmot) : |w| = n}| = L™ (Mot). 


Let Mmots, § => 1 be the automaton obtained from M or, by deleting the states gs41, ds+2,---- 


Therefore the system of GFs equations of Mots is 


Lo = zLo +214 + 1, 
Lj = zLi-1 + 2b; + zLi41, 1 < a < od 1, 
Ls = 2Ls_1+ 2b. 


Substituting repeatedly into each equation L;, we have 


A 
Lo = = 
ie 
F?2 
1- s times, 
1 — F? 
1 : : . 
where F = and H = ——. Since Myot is convergent, then as s — oo we obtain a 


—2 —2z 
convergent continued fraction M of the GF of Mot. Moreover, 


ici 


M = ——~. 
i- FH) 
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Hence 27M? — (1—z)M+1=0 and 


l—-ztvl1-— 2z—- 32? 


Ma 222 


Since € € L(Mmot), M — 0 as z — 0. Hence, we take the negative sign for the radical in M(z). 


§3. Generating Function for the k-Fibonacci Paths 


In this section we find the generating function for k-Fibonacci paths, grand k-Fibonacci paths, 
prefix k-Fibonacci paths and prefix grand k-Fibonacci paths, according to the length. 
Lemma 3.1([2]) The GF of the automaton Mtin, see Figure 7, is 


1 — ho (z) — 


where fi(z), gi(z) and hi(z) are transitions in parallel for all integer i > 0. 


Figure 7 Linear infinite counting automaton M pin 


The last lemma coincides with Theorem 1 in [7] and Theorem 9.1 in [14]. However, this 
presentation extends their applications, taking into account that f;(z), g;(z) and h;(z) are GFs, 
which can be GFs of several variables. 


Corollary 3.2 If for all integers i > 0, fi(z) = f(z), gi(z) = g(z) and hi(z) = A(z) in Mun, 
then the GF is 


p(s) = LHe) = VOTE = TE) 


)g(z) 
=> 36 (ms “ue y" (h(z))” (2) 
n=0 m=0 
. (3) 
hee oe 
tag) #99) 
f(2g(2) 
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where Cy, is the nth Catalan number, sequence A000108. 


Theorem 3.3 The generating function for the k-Fibonacci paths according to the their length 
18 


Co 


i=0 
1—(k+1)z- 2? (1— (k + 1)z — 27)? — 42?(1 — kz — 27) 
- 222(1 — kz — z?) (5) 


Ti (2) 


2 (4) 


and 


t t—2n 
+2 A 
[z"] Tr(2) a > S° @ ") CgP te, 


n=0 m=0 


where C,, is the n-th Catalan number and Eo is a convolved k-Fibonacci number. 


r 
, 


Convolved k-Fibonacci numbers F; ( 2 are defined by 


FP) =(l-—ke-2?)7 = Soe) ae, reZt. 
j=0 


Note that 
eae = a Fyjyt1Fkjot1 °° * Ph, 5,41: 
Sitiettdr=m 
Moreover, using a result of Gould[8, p.699] on Humbert polynomials (with n = j,m = 2,7 = 


k/2,y =—1,p =—r and C = 1), we have 


L3/2] 


r ~ jor l 1 j l cay 
At BIN Ne 


1=0 ae 


Ramirez [13] studied some properties of convolved k-Fibonacci numbers. 


Proof Equations (5) and (6) are clear from Corollary 3.2 taking f(z) = z = g(z) and 

h(z) = ee Note that h(z) is the GF of k-Fibonacci numbers. In this case the edge 
—kz-z 

from state q; to state qj41 represents a rise, the edge from the state q;+1 to q; represents a fall 


and the loops represent the Fy ;—colored length horizontal steps (J = 1,2,---). Moreover, from 
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Equation (2), we obtain 
M+ 2n\ op, z me 
va —— 
m 1—kz— 2? 
foe) CO m+ an 1 m 
= Ch 2n+m 
YH on(™ 2) 2m (Es) 
SG ee 
n m a k, iti 
=o een (MEM) stot, 


n=0 m=0 1=0 


taking s = 2n+m+z1 
(ooo) co (m) Hi On : 
= De Ban (Oat 
n=0 m=0 s=2n+m 


Hence 


t t-—2m 
m +2 
A) =D) Cn amma (2, 


m 
n=0 m=0 


In Table 2 we show the first terms of the sequence |Mr, , 


for k = 1,2,3,4. 


1, 1, 3, 8, 23, 67, 199, 600, 1834, 5674, 17743, 


1, 1, 4, 13, 47, 168, 610, 2226, 8185, 30283, 112736, --- 
1, 1, 5, 20, 89, 391, 1735, 7712, 34402, 153898, 690499, --- 
1, 1, 6, 29, 155, 820, 4366, 23262, 124153, 663523, 3551158, --- 


Table 2 Sequences |Mp,_,| for k = 1,2,3,4 


Definition 3.4 For all integers i > 0 we define the continued fraction E;(z) by: 


d. 
fi (2) 9 (2) 


fae fits (2) git (2) 


where fi(z), gi(z), hi(z) are transitions in parallel for all integers positive i. 
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Lemma 3.5(({2]) The GF of the automaton Mprin, see Figure 8, is 


1 


where fi(z), fi(z), 9:(z), 9 (z), hi(z) and hi(z) are transitions in parallel for alli € Z. 


MBtin: 
ht : hi, , lp h ho 
be fo ete fi 
ae Yo) a rn 
Ne ee ee 
gh 9 Jo n 
Figure 8 Linear infinite counting automaton M grin 


Corollary 3.6 If for all integers i, fi(z) = f(z) = fi(z), gi(z) = g(z) = gi(z) and hi(z) = 
h(z) = hi(z) in Metin, then the GF 


1 
nl Tena =a @ae) 0) 
7 : . (8) 
ae Dea) 
ae Pee. 
me) £8) 


where f(z), g(z) and h(z) are transitions in parallel. Moreover, if f(z) = g(z), then the GF 


Theorem 3.7 The generating function for the grand k-Fibonacci paths according to the their 
length is 


Tez) = 0M jzt = pee (10) 
7 ee (—(k+ )z— 2)? — 42°01 —kz-2P 
: (11) 
7 22? 


(Se 
1—kz-z 


— are 
l-—kz-z 


Enumeration of k-Fibonacci Paths Using Infinite Weighted Automata 31 


and 
t t t—2n-—2m 
. n+ 2m\ (1+ 2n+2m\ 1) 
(2!) Te(2) = FO 4 OD eed ei] ada Veen 
n=1m=0 l=0 
(12) 
with t > 1 


Proof Equations (10) and (11) are clear from Corollary 3.6, taking f(z) = z = g(z) and 
h(z) = ==. Moreover, from Equation (9), we obtain 
uae oe SD ay 
n=1m=0 I=0 


n+2my\ (/l+2n+2m on+2m z : 
Zz ———— 
a m l 1—kz—- 2? 


Bef 7 Fo) ye ce s- S- S- S-2" 5 —(" eal (' + oS | SO aaa a 


n=1m=0 l=0 u=0 


taking s = 2n+2m+l+u 


Te(z) =14+ 0 FQ 2+ 
j=0 


a ~ 2 1+2n+2 
> SS > » ion 7 (" - 5) ( a as is ee 2n—2m— 12°. 
n=1 =2n+2 


m=0 1=0 s m+1 


Therefore, Equation (12) is clear. 


In Table 3 we show the first terms of the sequence Mi, ; | for k = 1,2,3,4. 


1, 4, 11, 36, 115, 378, 1251, 4182, 14073, 47634, - 


1, 5, 16, 63, 237, 920, 3573, 14005, 55156, 218359, --- 
1, 6, 23, 108, 487, 2248, 10371, 48122, 223977, 1046120, --- 
1, 7, 32, 177, 949, 5172, 28173, 153963, 842940, 4624581, --- 


Table 3 Sequences |Mj, || for k = 1,2,3,4 andi >1 


In Figure 9 we show the set M*, ,. 


ASS eo 


[_ka_| LT x2] ket Raker 


Figure 9 Grand k-Fibonacci Paths of length 3, |MF, ,| = 16 
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Lemma 3.8({2]) The GF of the automaton FINN(M rin), see Figure 10, is 


where E(z) is the GF in Lemma 3.1. 


Ce wee eee ae! 
NBS a TS 
Jo 4 g2 


Figure 10 Linear infinite counting automaton FINy(M rin) 


Corollary 3.9 If for all integer i > 0, fi(z) = f(z), gi(z) = g(z) and hi(z) = h(z) in 
FINN(M rin), then the GF is: 


SE = aa 
os MOGCO+IOAO=D ve) 
~ ; fog) 4) 
eS OT 
ne) £00 


where f(z), g(z) and h(z) are transitions in parallel and B(z) is the GF in Corollary 3.2. 
Moreover, if f(z) = g(z) and h(z) £0, then we obtain the GF 


2= Se (pent. (15) 


n=0 k=0 1=0 


Theorem 3.10 The generating function for the prefiz k-Fibonacct paths according to the their 
length is 


PT,(z >> IPM r, ; 


a 2z)\(1—kz—27)—z (1— 2(k +1) — 27)? + 42?(1 — kz — 27)? 
7 22((1 — kz — 27)(2z2 —1) +2) 
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and 


t t t—2m—n 
1 Im +1 
[AJen@=e YS Saas (" +2m+ i ceeee t>0. 


ene TE n+m+1\m,l,m+n 


Proof The proof is analogous to the proof of Theorem 3.3 and 3.7. 


In Table 4 we show the first terms of the sequence |PM r, , 


for k = 1,2,3,4. 


Table 4 Sequences |PMp, ,| for k = 1,2,3,4 


In Figure 11 we show the set MP rp, ,. 


PSCC 


| 
| 
| 
| 
fi 


THK 


BEECHER ECEEEEEE oH 


Figure 11 Prefix k-Fibonacci paths of length 3, |PMp, ,| = 26 


Lemma 3.11 The GF of the automaton FINz(M prin), see Figure 12, is 


EE! oo j-l oo g-l 
A - E+E - EP U—ho) 1 Ex fok; Ey oF; 
(z) BLE EE Uons 12 Tt k to s+ 2D, TF k90 


_ BG) + EWG") — ERE) 
E(z) + E'(z) — E(2)E"(z)(1 — ho(z))’ 


where G(z) is the GF in Lemma 3.8 and G'(z), E’(z) are the GFs obtained from G(z) and E(z) 
changing f(z) to g'(z) and g(z) to f’(z). 
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hi. hi ho h ho 
: f fo fo f 

re aa: a ma 

Tae ae ae a 
91 9 Jo g 


Figure 12 Linear infinite counting automaton FINz(M prin) 


Moreover, if for all integer i > 0, fi(z) = f(z) = fi(z), g:(z) = g(z) = gf(z) and hi(z) = 
h(z) = hi(z) in FINz(M erin), then the GF is 


1 
A(z) = —————!——_.. (16) 
©) = THe) oe —AG) 
Theorem 3.12 The generating function for the prefix grand k-Fibonacci paths according to the 
their length is 


1—kz- 2? 
1—(k+3)z—(1—2k)z? + 223° 


PTZ (z) = >> |PMez ,|2* = 
i=0 


it Proof The proof is analogous to the proof of Theorem 3.3 and 3.7. 


In Table 5 we show the first terms of the sequence |PMfj,, ,| for k = 1, 2,3, 4. 


1, 3, 10, 35, 124, 441, 1570, 5591, 19912, 70917, 252574, ... 


1, 3, 11, 44, 181, 751, 3124, 13005, 54151, 225492, 938997, ... 
1, 3, 12, 55, 264, 1285, 6280, 30727, 150392, 736157, 3603528, ... 
1, 3, 13, 68, 379, 2151, 12268, 70061, 400249, 2286780, 13065595 ... 


Table 4 Sequences |PM;, | for k = 1,2,3,4 
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